Abstract. In this paper, we extend our result on a depth preserving property of the local Langlands correspondence for quasi-split unitary groups ([Oi18] ) to non-quasi-split unitary groups by using the local theta correspondence. The key ingredients are a depth preserving property of the local theta correspondence proved by Pan and a description of the local theta correspondence via the local Langlands correspondence established by Gan-Ichino. To combine them, we compare splittings for metaplectic covers of unitary groups constructed by Kudla with those constructed by Pan.
Introduction
Let F be a p-adic field. We consider a connected reductive group G over F . Then the conjectural local Langlands correspondence for G predicts that there exists a natural map from the set of equivalence classes of irreducible smooth representations of G(F ) to the set of conjugacy classes of L-parameters of G. The local Langlands correspondence for general connected reductive groups has not been known at present. However, thanks to recent developments based on works of a lot of people, for several groups, the correspondence was established. In particular, for
• general linear groups ( [HT01] ),
• quasi-split symplectic or orthogonal groups ( [Art13] ),
• quasi-split unitary groups ( [Mok15] ), and • non-quasi-split unitary groups ( [KMSW14] ), the local Langlands correspondence has been established.
In the case of general linear groups, this correspondence is characterized by the theory of ε-factors and L-factors of representations. In the cases of classical groups listed above, the correspondence is characterized by the theory of endoscopy. However it is known that, beyond these characterizations, the local Langlands correspondence for these groups satisfies a lot of properties.
One example for such phenomena is a depth preserving property of the local Langlands correspondence for general linear groups. To be more precise, let us recall the notion of the depth of representations. When G = GL 1 , the group G(F ) = F × has a maximal open compact subgroup O × F (unit group) and its filtration {1+p n F } n∈Z>0 (higher unit groups). As its generalization, for a general connected reductive group G over F , we can define various open compact subgroups (called parahoric subgroups) of G(F ) and their filtrations (called Moy-Prasad filtrations). By using these subgroups of G(F ), for each irreducible representation π of G(F ), we can define its depth (denoted by depth(π)), which expresses how large subgroups having an invariant part in the representation are (see Section 4.4 for the definition). On the other hand, for the inertia subgroup I F of the Weil group W F of F , we can define its ramification filtration {I • F }. Then, by noting that an L-parameter of G is an admissible homomorphism from W F × SL 2 (C) to the L-group of G, we can define the depth of an L-parameter φ (denoted by depth(φ)), which measures how deep the ramification of the L-parameter φ is (see Section 4.4 for the definition). Then it is known that the local Langlands correspondence for GL N preserves the depth. Namely, we have the following: Note that, when N = 1, this is nothing but the well-known property of the local class field theory about the correspondence between the higher unit groups {1 + p n F } n∈Z>0 and the ramification filtration {I ab,n F } n∈Z>0 . Therefore it is a natural attempt to investigate the relationship between the depth of representations and that of L-parameters under the local Langlands correspondence for other classical groups. In [Oi18] , by extending a method of Ganapathy and Varma ( [GV17] ) based on harmonic analysis on p-adic reductive groups, we proved the following depth preserving property for quasi-split unitary groups: Theorem 1.2 ([Oi18, Theorem 5.6]). Let G be a quasi-split unitary group in N variables over F . We assume that the residual characteristic p of F is greater than N + 1. Then, for every irreducible smooth representation π of G(F ) and its corresponding L-parameter φ of G, we have depth(π) = depth(φ).
Our aim in this paper is to extend this result to non-quasi-split unitary groups. Namely our main result is the following: Theorem 1.3 (Theorem 4.9). Let G be a non-quasi-split unitary group in N variables over F . We assume that the residual characteristic p of F is greater than N + 1. Then, for every irreducible smooth representation π of G(F ) and its corresponding L-parameter φ of G, we have depth(π) = depth(φ).
To show this, we utilize the local theta correspondence. Let V (resp. V ′ ) be an ǫ-hermitian (resp. ǫ ′ -hermitian) space over F such that ǫǫ ′ = −1, and U(V ) (resp. U(V ′ )) the corresponding unitary group over F . Then the local theta correspondence gives a correspondence between representations of U(V ) and those of U(V ′ ). For an irreducible smooth representation π of U(V ), we denote the corresponding representation of U(V ′ ) by θ(π). Here note that θ(π) is possibly zero and that, if θ(π) is not zero, then it is irreducible and smooth. The key point in our proof is that the local theta correspondence has the following two properties:
Pan's depth preserving theorem: The local theta correspondence preserves the depth of representations ( [Pan02] ). Namely, if θ(π) is not zero, then we have depth θ(π) = depth(π).
Gan-Ichino's description of the L-parameter of the local theta lift: If θ(π) is not zero, then the L-parameter θ(φ) of θ(π) can be described by using the L-parameter of π ([GI14, Appendix C]). By combining these properties with the observation that every unitary group in odd variables is quasi-split, we can reduce the problem to the quasi-split case (Theorem 1.2). More precisely, for a given non-quasi-split unitary group G, we assume that G is realized by an ǫ-hermitian space V over F (necessarily V is in even variables). We put 2n to be the dimension of this space V and let V ′ be a (2n+1)-dimensional (−ǫ)-hermitian space over F . Then the corresponding unitary group U(V ′ ) is quasi-split. Thus, for an irreducible smooth representation π of G = U(V ), we can compare its depth with the depth of the L-parameter φ of π in the following way:
(1) By Pan's theorem, the depth of π is equal to the depth of its theta lift θ(π).
(2) Since U(V ′ ) is quasi-split, by Theorem 1.2, the depth of θ(π) is equal to the depth of its L-parameter θ(φ).
(3) By Gan-Ichino's description, we can compare the depth of θ(φ) with that of φ.
However, in carrying out this strategy, we have to take care of the difference between the normalization of the local theta correspondence used in Pan's result and that in Gan-Ichino's result. Recall that the local theta correspondence is obtained by considering the Weil representation of the metaplectic group Mp(W ) for the symplectic space W := V ⊗ V ′ . More precisely, the metaplectic group Mp(W ) is a covering group of the symplectic group Sp(W ) and contains covering groups fl U(V ) of U(V ) and ‡ U(V ′ ) of U(V ). Then, by restricting the Weil representation of Mp(W ) to fl U(V ) × ‡ U(V ′ ), we get a correspondence between representations of fl U(V ) and
To make this to be a correspondence between representations of U(V ) and those of U(V ′ ), we have to choose splittings of the coverings fl
The important point here is that such splittings are not canonical. Namely, there are several ways to construct them. The depth preserving result of Pan is based on Pan's splittings constructed in [Pan01] by using the generalized lattice model of the Weil representation. On the other hand, the result of Gan-Ichino is based on Kudla's splitting constructed in [Kud94] by using the Schrödinger model of the Weil representation. Therefore, in order to combine these two results, we have to compute the difference between these two kinds of splittings.
In this paper, we first recall Pan's construction of his splittings for the metaplectic covers of unitary groups (Section 2) and compute the difference between Pan's splittings and Kudla's splittings (Section 3). Then, according to the strategy explained as above, we show the depth preserving property of the local Langlands correspondence for non-quasi-split unitary groups (Section 4).
2.1. Metaplectic covers of symplectic groups and the Weil representations. Let (W, −, − ) be a symplectic space over F , that is a finite-dimensional vector space W over F with a nondegenerate symplectic form −, − on W . Then we have the corresponding symplectic group Sp(W ) := {g ∈ GL(W ) | gw, gw ′ = w, w ′ for every w, w ′ ∈ W } and the Heisenberg group H(W ) = W × F with the multiplication given by
Then the center of the group H(W ) is given by {0} × F . By Stone-von Neumann's theorem, for every nontrivial additive character ψ of F , we have a unique (up to isomorphism) irreducible smooth representation (ρ ψ , S ψ ) of H(W ) with central character ψ.
We define the twist (ρ
Then we define the metaplectic cover of Sp(W ) to be the group
Note that, by Stone-von Neumann's theorem, for every g ∈ Sp(W ), there always exists M ∈ GL(S ψ ) satisfying M : ρ ψ ∼ = ρ g ψ . Moreover, by Schur's lemma, such an M is unique up to a scalar multiple. In other words, we have an exact sequence
where the second map is given by z → (1, z · id S ψ ) and the third map is given by (g, M ) → g, and a Cartesian diagram
We call the representation ω ψ ; (g, M ) → M the Weil representation of Mp(W ). In the rest of this paper, we fix a nontrivial additive character ψ of F .
2.2. Local theta correspondence for metaplectic covers. We consider an ǫ-hermitian space (V, h) over E and an ǫ ′ -hermitian space (V ′ , h ′ ) over E, where ǫ and ǫ ′ are elements of {±1} satisfying ǫǫ ′ = −1. We denote the corresponding unitary groups by U(V ) and U(V ′ ). Namely, we put
(we define U(V ′ ) in the same way). We can regard the space W := V ⊗ E V ′ as a symplectic space over F with the symplectic form
Then the pair (U(V ), U(V ′ )) is a reductive dual pair in the symplectic group Sp(W ) and we have a natural map
In particular, we have embeddings
We define the metaplectic cover fl U(V ) to be the pull back of ι V ′ (U(V )) via the map Mp(W ) → Sp(W ) (we define ‡ U(V ′ ) in a similar way). Then, by considering the pull back of the Weil representation ω ψ of Mp(W ) via fl
we get a correspondence between irreducible admissible representations of fl U(V ) and those of ‡ U(V ′ ). More precisely, for every irreducible admissible representation
is of the form
where
) has a unique irreducible quotient which is denoted by θ V,V ′ ,ψ (› π V ) and called the small theta lift. Moreover, for irreducible admissible representations fi π V,1 and fi 2.3. Splittings of the metaplectic covers. Recall that, by Stone-von Neumann's theorem and Schur's lemma, for every g ∈ Sp(W ), an element M ∈ GL(S ψ ) satisfying (g, M ) ∈ Mp(W ) exists uniquely up to a scalar multiple. Now we suppose that we have a special choice of such M g ∈ GL(S ψ ) for each g ∈ Sp(W ) satisfying M 1 = id S ψ . Then, as sets, we can identify Mp(W ) with Sp(W ) × C × via
Moreover, if we define a 2-cocycle c(−, −) :
then the group structure of Mp(W ) can be described in Sp(W ) × C × as
We say that a function β V ′ : U(V ) → C × is a splitting of the cocycle c if we have
for every g, g ′ ∈ Sp(W ). Note that this condition is equivalent to the condition that the map
is a group homomorphism (i.e., a section of the covering fl U(V ) → U(V )). Furthermore, if we have such an splitting, then we get a group isomorphism
We say that a splitting β V ′ is admissible if the pullback of every admissible representation of fl U(V ) via β V ′ is an admissible representation of U(V ).
Now we suppose that we have such admissible splittings β V ′ for U(V ) and β V for U(V ′ ). Then we can regard the local theta correspondence as a correspondence between representations of U(V ) and those of U(V ′ ) in the following way. First, we take an irreducible admissible representation π V of U(V ). We write W πV for a vector space where π V is realized. Since we have an isomorphism fl
. By considering the local theta correspondence, we get the small theta lift
via the fixed splitting β V is irreducible. Thus we get an irreducible admissible representation of U(V ′ ). We remark that there is another way to make the local theta correspondence to be a correspondence between representations of U(V ) and those of U(V ′ ). That is, we first consider the homomorphism
obtained from the fixed splittings β V ′ and β V . Then we define the local theta correspondence between U(V ) and U(V ′ ) in the same manner as in Section 2.2 by using the pullback of the Weil representation ω ψ of Mp(W ) to U(V ) × U(V ′ ). Later (in Section 4.5), we combine two key results on the local theta correspondence which have been established by Gan-Ichino ( [GI14] ) and Pan ([Pan02] ). In [Pan02] , the local theta correspondence for U(V ) and U(V ′ ) constructed in the first way is used. On the other hand, in [GI14] , the correspondence constructed in the second way is used. However, since the central part z ∈ C × of Mp(W ) acts on S ψ via z · id S ψ , these two constructions coincide.
2.4. Schrödinger models vs. generalized lattice models. As explained in the previous subsection, by taking admissible splittings, we can get the local theta correspondence between U(V ) and U(V ′ ). This correspondence depends on the admissible splittings and there are several ways to construct such splittings explicitly. In this paper, we use the following two kinds of splittings:
Kudla's splitting for the Schrödinger model: The first one is Kudla's splitting constructed by using the Schrödinger model of the representation ρ ψ . We take a complete polarization W = X ⊕ Y (i.e., X and Y are totally isotropic subspaces). Then we can realize the representation ρ ψ of H(W ) on the space S(Y ) of Schwartz functions (i.e., locally constant and compactly supported functions) on Y . Moreover, by using this realization, we can construct an isomorphism ρ ψ ∼ = ρ 
In this paper, we fix a character χ of E × satisfying χ| F × = ε E/F and always take χ V ′ (in the definition of Kudla's splitting) to be χ dim V ′ . Let us consider the difference between the local theta correspondence with respect to Kudla's splittings and that with respect to Pan's splittings. We first take an isomorphism Ψ : S(Y ) ∼ = S(B) as irreducible representations of H(W ) (note that this is unique up to a scalar multiple by the irreducibility of ρ ψ ). By using Ψ, we define a function α V ′ : U(V ) → C × to be the function satisfying 
Then this is a character of U(V ) and the relationship between the local theta correspondences with respect to Kudla's splitting and Pan's splitting is described as follows: 
We denote the image of U(V ) L under the determinant map by E L . When E is unramified over F , this group E L is equal to
When E is ramified over F , the group E L is a subgroup of E 1 of index two and given by (E 1 )
Then we have the following exact sequence of abelian groups:
If we fix a section of the third homomorphism, then we get an isomorphism
of order 2 as in the manner of [Pan01, Section 3.3]. Then, by using the above isomorphism ( * ), we
Here we note that the definition of ζ V ′ depends on the choice of the isomorphism ( * ). Later (in Section 3.3), we explain our choice of this isomorphism. We also note that the restriction of ζ V ′ to the pro-p part does not depend on the choice of the isomorphism ( * ). To be more precise, we identify
and put E
is a prime-to-p group (see [Pan01, Section 1.4] for the details), the exact sequence of abelian groups 
First, by the definition of the generalized lattice models,
On the other hand, by Proposition 3.3 in [Pan01] , we have
We take an extension of ξ
Therefore, by this definition, the ratio ξ V ′ of Kudla's splitting to Pan's splitting is given by
1 was taken arbitrary. Furthermore, the character ζ V ′ on U(V ) L is defined by using the noncanonical isomorphism ( * ) (see Section 3.1). Therefore ξ ′ V ′ is defined canonically only on E + L . Thus our essential task is to determine ξ 
3.3. Section of the determinant map. In this subsection, we construct an explicit section of the determinant map U(V )
When V is 1-dimensional, the unitary group U(V ) is isomorphic to E 1 canonically. Thus there is nothing to do.
We next consider the case where V is 2-dimensional isotropic. In this case, we consider a matrix representation of the unitary group U(V ) with respect to a basis
Here note that it is enough to treat only such a case since every good lattice is of the form g · L for some element g ∈ U(V ) and a good lattice L ⊂ V of the above form (see Lemma 1.3 (ii) in [Pan01] ). To construct a splitting in this case, we start from recalling the structure of the quotient of 1 + p E by 1 + p F . First, since E is quadratic over F and p is not equal to 2, we may assume that E = F (δ) and
, where δ is a square root of a non-square element
Then we can define a section of the canonical surjection
as follows:
The case where E/F is unramified: In this case, we have
, and
The case where E/F is ramified: In this case, we have
• p E = δO F + δ 2 O F , and
of 1 + p E is a set of representatives of (1 + p E )/(1 + p F ) and gives a section of the surjection 1
Now we construct a section of the determinant map. By Hilbert's theorem 90, we have an isomorphism
Moreover, the subset E + L of the right-hand side corresponds to the subset (1 + p E )/(1 + p F ) of the left-hand side. Therefore, by using the above representatives of (1 + p E )/(1 + p F ), we can define a section
By using this, we define a map from E
Then this is a section of the determinant map det : U(V )
Finally, we consider the general case. In this case, by Lemma 1.3 (iii) in [Pan01] , V has an L-admissible decomposition into an orthogonal sum of 2-dimensional isotropic ǫ-hermitian spaces and 1-dimensional anisotropic ǫ-hermitian subspaces (see [Pan01, Section 1.3] for the definition of the L-admissibility). We take such a decomposition of V and a decomposition of the good lattice L into good lattices L i of V i determined by the decomposition of V :
We fix one index i 0 ∈ I. Then we can regard the group U(V i0 ) Li 0 as a subgroup of U(V ) L . Thus, by using the sections for 1 or 2-dimensional cases constructed above, we get a section of the determinant map from U(V )
3.4. Computation of the ratio of two splittings. Now we compute the difference between Kudla's splitting and Pan's splitting. Recall that, in Section 2.4, we defined the character ξ V ′ of U(V ) to be the ratio of Kudla's splitting to Pan's splitting. Then the character ξ V ′ factors through the determinant character det : U(V ) → E 1 and can be written as
On the other hand, we fixed a character χ V ′ of E × to define Kudla's splitting. By the isomorphism of Hilbert's theorem 90, the chain E + L ⊂ E L ⊂ E 1 can be identified with a chain of E × /F × as follows:
Since χ V ′ is a character on E × whose restriction to F × is equal to either ½ or ε E/F , the restriction of χ V ′ to 1 + p E factors through the quotient (1 + p E )/(1 + p F ). Therefore, we can regard χ V ′ | 1+pE as a character of E + L . We denote it by χ
Proposition 3.1. We have
In the rest of this section, we prove this proposition. We consider a decomposition V = i V i of V into 1-dimensional subspaces or 2-dimensional isotropic subspaces as in the previous subsection. We denote the section of the determinant map from U(V )
Then, in order to show Proposition 3.1, it is enough to check that
+ L as explained in Section 3.2. Thus our task is to show
we have
(see [Pan01, Section 3.6] for the details). In particular, by the definition of µ, we have
. Namely, it is enough to consider the case where V is either 1-dimensional or 2-dimensional isotropic.
Furthermore, we consider a decomposition of V ′ j V ′ j into two-dimensional isotropic or 1-dimensional subspaces, and take a maximal isotropic subspace Y of V ⊗ E V ′ to be the direct sum of maximal isotropic subspaces Y j of V ⊗ E V ′ j . Then, for every element g ∈ U(V ), we have
Therefore, by our choice of the characters χ V ′ and χ V j ′ for each V ′ j (see Section 2.4), it is enough to show that
for each j.
In summary, to prove Proposition 2.1 for general V and V ′ , it is enough to show it for the case where V and V ′ are 1-dimensional or 2-dimensional isotropic. We check it by a case-by-case computation.
3.4.1. The case where E/F is unramified. We first consider the case where E is an unramified extension of F .
Lemma 3.2 (The case where dim V = 1 and dim
L and k t the element constructed in Section 3.3 satisfying k t /τ (k t ) = t. Then we have
Proof. We write k t = 1 + δb, where b is an element of p F . Here, since it is enough to consider the case where t = 1, we may assume that b = 0. Similarly, we write t = x + δy by using elements x, y ∈ O F . Note that we have x ≡ 1 mod p F and y is given by 
where γ F (−, −) is the Weil constant (see, for example, Section 1.5 in [Pan01] ), (−, −) F is the Hilbert symbol, and ω 0 is the nontrivial quadratic character of f × F . Here we remark that, in Lemma 6.1 in [Pan01] the formula of α V ′ is incorrect, and that 2 in the Hilbert symbol is not necessary. This mistake arises from the definitions of I 1 and I 2 , which are used in the proof of [Pan01, Lemma 5.9]. We rewrite this result in terms of k t = 1 + δb.
First we consider β Y V ′ (µ(t)). As we assume that
. Thus, since we have
Next we consider α V ′ (µ(t)). By a formula for the Weil constant (see, e.g., Section 1.5 (6) in [Pan01] ), we have
Here we put ∆ ∈ f × F to be the reduction of ∆̟
. By noting that (∆, yρ) F = χ V ′ (yρ) and that y = 2b Nr(kt) , we get
Thus we have
Finally, by noting that χ V ′ (ρ∆) = (−1) ordF (ρ) , we get
Lemma 3.3 (The case where dim V = 1 and dim V ′ = 2). Let χ V ′ be a character of E × satisfying χ V ′ | F × = ½. Let t be an element of E + L and k t the element constructed in Section 3.3 satisfying k t /τ (k t ) = t. Then we have
Thus, by the same computation as in the previous case, we get
Since we assume χ V ′ | F × ≡ ½, we get the assertion.
Lemma 3.4 (The case where dim V = 2 and dim
Proof. This is nothing other than Lemma 6.4 in [Pan01] . 
Proof. This is nothing other than Lemma 6.5 in [Pan01] .
By the arguments in the beginning of this subsection and Lemmas 3.2, 3.3, 3.4, and 3.5, the proof of Proposition 3.1 in the case where E is unramified over F is completed.
3.4.2.
The case where E/F is ramified. We next consider the case where E is a ramified extension of F .
Lemma 3.6 (The case where dim V = 1 and dim
Proof. We write k t = 1 + δb, where b is an element of O F . Here, since it is enough to consider the case where t = 1, we may assume that b = 0. Similarly, we write t = x + δy by using elements x, y ∈ O F . Note that we have x ≡ 1 mod p F and y is given by 2b Nr(kt) (in particular, y = 0). By Lemma 7.1 in [Pan01] , we have
−1 , and
We rewrite this result in terms of k t = 1 + δb.
First we consider β Y V ′ (µ(t)). By the same computation as in Lemma 3.2, we get
We have (∆, ρ) F = χ V ′ (ρ) and, by a formula for the Weil constant (see [Pan01, Section 1.5 (6)]),
Thus we get
Next we consider α V ′ (µ(t)). Again by a formula for the Weil constant, we have
Thus, by noting that (∆, yρ) F = χ V ′ (yρ) and that y = 2b Nr(kt) , we get
Therefore we have
Lemma 3.7 (The case where dim V = 1 and dim
Proof. The assertion follows from Lemma 7.2 in [Pan01] and the same argument as in the proof of Lemma 3.3.
Lemma 3.8 (The case where dim V = 2 and dim
Proof. This is nothing other than Lemma 7.4 in [Pan01] .
Lemma 3.9 (The case where dim V = 2 and dim
Proof. This is nothing other than Lemma 7.5 in [Pan01] .
By the arguments in the beginning of this subsection and Lemmas 3.6, 3.7, 3.8, and 3.9, the proof of Proposition 3.1 in the case where E is ramified over F is completed.
Depth preserving property of the local Langlands correspondence for non-quasi-split unitary groups
In this section, we apply our result on a comparison of splittings of metaplectic covers in the previous section to the depth preserving problem of the local Langlands correspondence for non-quasi-split unitary groups. Let G be the quasi-split unitary group with respect to a quadratic extension E/F in N variables. Then the isomorphism classes of inner forms of G are classified by the set
and the order of this set is given by
In other words, when N is odd, then every unitary group with respect to E/F in N variables is quasi-split and isomorphic to G. When N is even, there are two isomorphism classes of unitary groups with respect to E/F in N variables; one is quasi-split and isomorphic to G, and the other is non-quasi-split. On the other hand, the set of pure inner forms of G is given by
The order of this set is always equal to 2, and we can identify H 1 (F, G) with the set of equivalence classes of ǫ-hermitian spaces in N variables, for any ǫ.
The natural map
is surjective, and the pure inner form corresponding to an ǫ-hermitian space V maps to the inner form U(V ) of G. For an element α of H 1 (F, G), we denote the corresponding inner form of G by G α . We put e(G α ) to be the Kottwitz sign of G α , which is an invariant defined in [Kot83] . Note that, in our situation, this is given by
size N pure inner form inner form Kottwitz sign even 1 quasi-split 1 α = 1 non-quasi-split −1 odd 1 or β = 1 quasi-split 1 4.2. Local Langlands correspondence for unitary groups. We next recall the local Langlands correspondence for unitary groups according to the formalism of "Vogan L-packets" based on the pure inner form. Let G be the quasi-split unitary group with respect to E/F in N variables. We write Φ(G) for the set of " G-conjugacy classes of L-parameters of G. We put
where Π(G α ) is the set of equivalence classes of irreducible smooth representations of G α (F ). (1) For every tempered L-parameter φ and every pure inner form α ∈ H 1 (F, G), the finite set Π of GL N (E). We denote its twisted character with respect to a fixed Whittaker data of Res E/F GL N by Θ GLN φ,θ . Then, for every strongly regular semisimple elements g ∈ GL N (E) and h ∈ G 1 (F ) such that h is a norm of g, we have
(3) For every tempered L-parameter φ and every pure inner form α ∈ H 1 (F, G),
More precisely, for every strongly regular semisimple elements g α ∈ G α (F ) and g 1 ∈ G 1 (F ) which are stably conjugate, we have
(4) The partition is compatible with the theory of the Langlands quotient.
We call each finite set Π φ the L-packet for φ. For an irreducible representation π ∈ Π(G), we often write φ π for its L-parameter (that is, the unique L-parameter satisfying π ∈ Π φπ ).
Remark 4.2. In [Mok15] , the endoscopic character relation (Theorem 4.1 (2)) is stated in terms of distribution characters. By using Weyl's integration formula, we can rewrite it as an equality of characters (i.e., functions on the strongly regular semisimple loci of G 1 (F ) and GL N (E)) (see, for example, Section 5 in [Li13] ). Then the obtained equality of the characters is more complicated than the equality in Theorem 4.1 (2). However, by noting the following points, we can simplify it and get the equality of the form in Theorem 4.1 (2) (see, for example, [Oi16, Corollary 4.8]):
• For every strongly regular semisimple (in the sense of twisted conjugacy) element g ∈ GL N (E), there exists at most one stable conjugacy classes of norms of g in G 1 (F ).
• For every strongly regular semisimple elements g ∈ GL N (E) and h ∈ G 1 (F ) such that h is a norm of g, their Weyl discriminants coincide.
• Since we consider the endoscopic lifting with respect to the standard base change embedding, the Kottwitz-Shelstad transfer factor is trivial.
The following observation is trivial, but plays an important role in the proof of our main theorem.
Lemma 4.3. We assume that N is odd. For the nontrivial pure inner form
Since the local Langlands correspondence for non-tempered L-parameters is constructed from that for tempered L-parameters via the theory of the Langlands quotient (Theorem 4.1 (4)), it suffices to show the assertion in the tempered case. However, by noting that e(G β ) = 1, the assertion immediately follows from the stability of L-packets (Theorem 4.1 (1)), the transfer relation (Theorem 4.1 (3)), and the linear independence of the characters of irreducible smooth representations.
4.3. Local Langlands correspondence and character twists. Before we consider the depth preserving problem of the local Langlands correspondence for unitary groups, we investigate the relationship between the local Langlands correspondence and character twists.
Let G be the quasi-split unitary group with respect to a quadratic extension E/F in N variables. Then we can identify the set of L-parameters of G with the set of "conjugate self-dual L-parameters of GL N (E) with parity (−1) N −1 " by composing them with the standard base change L-embedding from the L-group of G to that of Res E/F GL N (see, for example, [Mok15, Lemma 2.2.1] for the details). On the other hand, if a conjugate self-dual character η of E × satisfies η| F × ≡ ½, then the twist via η does not change the parity of a conjugate self-dual L-parameter of GL N (E). Namely, for any conjugate self-dual L-parameter φ of GL N (E) with parity (−1) N −1 , the parity of φ ⊗ η is given by (−1) N −1 (here we regard η as a character of the Weil group W E of E by the local class field theory). In particular, the twist φ ⊗ η again belongs to the image of the standard base change lifting. Hence we can regard φ ⊗ η as an L-parameter of G. Then the relationship between L-packets for φ and φ ⊗ η can be described as follows:
Here η E 1 is the character of E 1 which corresponds to η E × via the isomorphism of Hilbert's theorem 90.
Proof. Before we start to prove the assertion, we note that, for every representation π ∈ Π(G), the character of π ⊗ (η E 1 • det) is equal to Θ π · (η E 1 • det), where Θ π is the character of π. In particular, the sum of the characters belonging to the set in the right-hand side of the equality in the assertion is given by
We first consider the case where α is the trivial pure inner form. By the linear independence of the characters of irreducible smooth representations, the endoscopic character relation (Theorem 4.1 (2)) characterizes the L-packets for G 1 . Therefore it is enough to show that, for every strongly regular semisimple elements g ∈ GL N (E) and h ∈ G 1 (F ) such that h is a norm of g, we have , and
We next consider the case where α is the nontrivial pure inner form. By the linear independence of the characters of irreducible smooth representations, the transfer relation (Theorem 4.1 (3)) characterizes the L-packets for G α . Therefore it is enough to show that, for every strongly regular semisimple elements g α ∈ G α (F ) and g 1 ∈ G 1 (F ) which are stably conjugate, we have
• det) (the assertion for α = 1), and • det(g α ) = det(g 1 ), we have LHS of ( * * ) = e(G α )Θ 1 φ (g 1 ) · (η E 1 • det)(g 1 ) = RHS of ( * * ). This completes the proof. 4.4. Depth preserving property: quasi-split case. In this subsection, we recall the notion of the depth of representations and a result of [Oi18] For a connected reductive group J over F , we write B(J, F ) for the Bruhat-Tits building of J. For a point x ∈ B(J, F ) and r ∈ R ≥0 , we denote the corresponding r-th Moy-Prasad filtration of a parahoric subgroup of J(F ) by J x,r . Then, for an irreducible smooth representation π of J(F ), its depth is defined by depth(π) := inf r ∈ R ≥0 π Jx,r+ = 0 for some x ∈ B(J, F ) ∈ R ≥0 , where r+ is r + ε for a sufficiently small positive number ε. On the other hand, for an L-parameter φ of J, we define its depth to be
Here I
• F is the ramification filtration of the inertia subgroup I F of W F . Then, in [Oi18] , by extending a method of Ganapathy-Varma in [GV17] , we showed the following: In the case of odd unitary groups, by using Lemma 4.3, we can immediately generalize this result to Vogan L-packets: Corollary 4.6. Let G ′ be the quasi-split unitary group over F in 2n + 1 variables, where n is a non-negative integer. Assume that the residual characteristic p of F is greater than 2n + 2. Then, for every L-parameter φ ′ of G ′ and every
The aim of the rest of this paper is to show the depth preserving property of the local Langlands correspondence for non-quasi-split unitary groups. Namely, our purpose is to extend the above results to nontrivial pure inner forms of quasi-split unitary groups in even variables. 4.5. Two key ingredients from the local theta correspondence. To extend Theorem 4.5 to pure inner forms of unitary groups, we utilize two important results on the local theta correspondence.
Let G and G ′ be the quasi-split unitary groups with respect to E/F in N and N + 1 variables, respectively. Then, for every pure inner forms α ∈ H 1 (F, G) and
, we can consider the local theta correspondence between · G α (F ) and · G ′ β (F ). Here, the groups · G α (F ) and · G ′ β (F ) are the metaplectic covers of G α (F ) and G ′ β (F ), respectively (see Section 2.2). If we want to make this to be a correspondence between representations of G α (F ) and G ′ β (F ), as we explained in Section 2.3, we have to choose admissible splittings
E/F as in the manner of Section 2.4, we get Kudla's splittings. For an irreducible smooth representation π of G α (F ), we denote its small theta lift to G ′ β (F ) obtained by using Kudla's splitting by θ χ,χ ′ α,β,ψ (π) (recall that the theta correspondence depends also on the choice of a nontrivial additive character ψ of F ).
The first key ingredient is a description of the local theta correspondence via the local Langlands correspondence, which was established by Gan and Ichino:
Theorem 4.7 ([GI14, Theorem C.5]). Let φ be an L-parameter of G. We put θ(φ) to be the L-parameter of G ′ defined by θ(φ) := (φ ⊗ χ ′ −1 χ) ⊕ χ.
Then we have the following:
(1) We assume that φ does not contain χ. Then, for every α ∈ H 1 (F, G),
, and π ∈ Π Recall that, by choosing good lattices of hermitian spaces, we get Pan's splittings and the local theta correspondence with respect to them. For an irreducible smooth representation π of G α (F ), we denote its small theta lift to G ′ β (F ) obtained by using Pan's splittings by θ α,β,ψ (π).
The second key ingredient is the depth preserving property of the local theta correspondence, which was proved by Pan:
Theorem 4.8 ([Pan02, Theorem 12.2]). Let α ∈ H 1 (F, G) and β ∈ H 1 (F, G ′ ). For π ∈ Π(G α ), we assume that its small theta lift θ α,β,ψ (π) is not zero. Then we have depth(π) = depth θ α,β,ψ (π) .
4.6. Depth preserving property: non-quasi-split case. Now we prove the depth preserving property of the local Langlands correspondence for non-quasi-split unitary groups. Recall that, as we explained in Section 4.1, every non-quasi-split unitary group is necessarily in even variables. We put G and G ′ to be the quasi-split unitary groups in 2n and 2n + 1 variables over F , respectively. Theorem 4.9. We assume that the depth preserving property of the local Langlands correspondence for G ′ holds. Namely, for every L-parameter φ ′ of G ′ and every π ′ ∈ Π φ ′ , we have depth(π ′ ) = depth(φ ′ ).
Then also the depth preserving property of the local Langlands correspondence for G holds.
Remark 4.10. In particular, when the residual characteristic p of F is greater than 2n + 1, this assumption is satisfied by Corollary 4.6. Here note that the assumption of Corollary 4.6 demands that p is greater than 2n + 2. However, since p is a prime number and n is a positive integer, p is greater than 2n + 2 if and only if p is greater than 2n + 1.
Proof. Our task is to prove that, for every L-parameter φ of G and a member π of Π φ , we have depth(π) = depth(φ). However, since the local Langlands correspondence for non-tempered representations are constructed by using the theory of Langlands quotients (Theorem 4.1 (4)) and the depth of representations are preserved by taking Langlands quotients, it suffices to consider only the case where φ is tempered (see [Oi18, Section 4.3] for details). Let φ be a tempered L-parameter of G and π be an element of Π φ . Here recall that the Vogan L-packet Π φ consists of representations of G α (F ) for a pure inner form α of G. Let α be the pure inner form of G such that π belongs to Π(G α ) (namely, π ∈ Π 
